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Abstract 
If M is a loopless matroid in which MIX and MI Y are connected and X c~ Y is non-empty, 
then one easily shows that MI(X u Y) is connected. Likewise, it is straightforward to show that 
if G and H are n-connected graphs having at least n common vertices, then G u H is n- 
connected. The purpose of this note is to prove a matroid connectivity result hat is a common 
generalization f these two observations. 
The matroid and graph terminology used here will follow Oxley [6] and Bondy and 
Murty [1], respectively. In particular, [6, Ch. 8] provides a detailed treatment of the 
notions of matroid and graph connectivity and their links. Before stating the main 
result of this note, we briefly review these concepts. 
A matroid is connected (or non-separable [9]) if and only if it cannot be written as 
a direct sum of two of its non-empty restrictions. This basic matroid concept was 
generalized by Tutte [8] as follows. For a positive integer k, a k-separation of 
a matroid M is a partition {X, Y} of E(M) such that 
and 
min{IXl, lYI}/> k (I) 
r(X) + r(Y)- r(M) ~< k-  1. (2) 
For an integer n exceeding one, M is n-connected if, for all k in { 1, 2 ..... n - 1 }, M has 
no k-separation. Hence M is 2-connected if and only if it is connected. This matroid 
concept of n-connectedness i  not an exact generalization of the notion of (vertex) 
* Corresponding author. 
Partially supported by a grant from the Louisiana Education Quality Support Fund through the Board of 
Regents. 
0012-365X/95/$09.50 © 1995--Elsevier Science B.V. All rights reserved 
SSDI 001 2 -365X{94)001 79-0 
322 J. Oxley, H. Wu/Discrete Mathematics 146 (1995) 321-324 
n-connectedness for graphs. However, there is a related matroid concept hat does 
generalize the graph notion [2, 4, 5]. For a positive integer k, a vertical k-separation of 
M is a partition {X, Y} of E(M) that satisfies (2) and the following strengthened form 
of (1): 
min{r(X),r(r)} >1 k. (3) 
For an integer n exceeding one, M is vertically n-connected if r(M) <~ n and, for all k in 
{1,2 ..... n - 1}, M has no vertical k-separation. 
For n >~ 2, a graph G is n-connected if I V(G) I ~< n + 1 and the deletion of any set of 
fewer than n vertices from G leaves a connected graph. It is proved in [2, 4, 5] that 
a connected graph G is n-connected if and only if M(G) is vertically n-connected. In
view of this, many graph connectivity results have matroid generalizations. The 
following theorem, the main result of the paper, generalizes the well-known result that 
if G and H are n-connected graphs having at least n common vertices, then G w H is 
n-connected. 
Theorem. Let n be an integer exceedin9 one and X and Y be subsets of the oround set of 
a matroid M. Suppose that M IX  and M I Y are both vertically n-connected and that 
r(X) + r (Y ) -  r(X w Y) >~ n - 1. 
Then MI(X w Y) is vertically n-connected. 
Proof. It suffices to show that M is vertically n-connected under the assumption that 
E(M) = X w Y. Assume that M has a vertical k-separation for some k < n. Thus there 
is a partition {S, T} of E(M) such that 
and 
k ~< min {r(S), r(T)} (4) 
r (S )+r (T ) - r (M)~k-  l~n-2 .  (5) 
It is not difficult to show (see, for example, [6, Ex. 1, p. 286]) that 
r(S) + r(T) - r(M) ~ r(S n X)  + r(T n X)  - r(X). (6) 
Moreover, a straightforward consequence of the fact that MIX is vertically n- 
connected is that 
r(S c~ X)  + r(Tc~ X)  - r(X) i> rain {r(S n X), r (Tn  X), n - 1}. (7) 
On combining (5)-(7), we deduce that 
min{r(S n X) , r (T  n X)} ~ r(S n X)  + r(T n X)  - r(X) (8) 
and, similarly, 
min{r(Sn Y) , r (Tn  Y)} ~ r (Sn  Y) + r (T~ Y) -  r(Y). (9) 
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Without loss of generality, we may assume that r(S n X)  <~ r(T c~ X). Then, by (8), 
r(T n X)  = r(X). (lO) 
Now either (i) r(S c~ Y) <~ r(T n Y); or (ii) r(S n Y) > r(T n Y). In case (i), by (9), 
r (Tn  Y) = r(Y). Thus T spans both X and Y, so T spans M. Therefore, by (5), 
r(S) ~< k - 1, a contradiction to (4). In case (ii), by (9), 
r (Sn  Y) = r(Y). (11) 
By (10) and (11), 
r (TnX)  + r(Sc~ Y) = r(X) + r(Y) 
so 
r(T) + r(S) >t r(X) + r(Y). 
Hence, by (5), 
r(X) + r(Y) - r(M) <<. n - 2. 
This contradiction implies that M is vertically n-connected, as required. [] 
A non-uniform matroid that is n-connected and has no circuits with fewer that 
n elements is vertically n-connected (see, for example, [6, Theorem 8.2.6]). Using this 
and the corresponding results for uniform matroids [3, 4, 7] (see [6, pp. 274, 279]), it is 
not difficult to deduce the next result from the theorem. The details are omitted. 
Corollary. Let n be an integer exceeding one and M be a matroid having no circuits with 
fewer than n elements. I f  M IX  and M I Y are n-connected and the closures of X and 
Y have at least n - 1 common elements, then M I(X u Y) is n-connected. 
On taking n = 2 in this corollary, we immediately deduce the well-known result 
that if X and Y are subsets of a loopless matroid M such that MIX and M IY are 
connected and X r~ Y is non-empty, then MI(X u Y) is also connected. 
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